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We discuss oscillatory properties of the second order half-linear difference
Ž   2 .   2equation  r  y  y  p y y  0, where  1. In particular,k k k k k1 k1
we establish the discrete half-linear extension of the HartmanWintner lemma and
oscillatory and conjugacy criteria as an application of this lemma. The proofs of all
these results and also of most of the other statements in this paper are based on
the Riccati technique.  2000 Academic Press
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1. INTRODUCTION
 It is known, see 13 , that the most of the basic oscillatory properties of
the linear differential equation
r t y  p t y 0 1Ž . Ž . Ž .Ž .
Ž .can be extended generalized in a half-linear sense and discretized to the
half-linear difference equation
 r   y  p  y  0, 2Ž . Ž . Ž .Ž .k k k k1
1 ¨ ¨Ž .The author is grateful to Osterreischischer Akademischer Austauschdienst OAD for
awarding him a scholarship to support this work. Partly supported by the Grant 201990295
Ž .of the Czech Grant agency Prague .
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where p and r are real-valued sequences defined on  with r  0 andk k k
Ž .   1   2 y  y sgn y y y, where  1. From those we mention the
Ž .possibility to use the Riccati technique in the oscillation theory of 2 that
Ž .is based on the equivalence between a nonoscillation of 2 and a solvabil-
Ž .ity of the generalized Riccati difference equation or inequality . For the
precise definition of these and some further concepts, see the next section.
ŽThis technique of course, with an appropriate Riccati differential equa-
Ž . 2 .tion w  p t  w  0 is used for establishing the so-called
Ž . Ž .  HartmanWintner lemma for Eq. 1 with r t  1, see 9, Chap. XI , that
describes the connection between the asymptotic behaviour of the solu-
tion of the Riccati differential equation and the existence of
1 t s Ž .lim H H p  d ds. There exist various extensions of this result tot t
the half-linear differential equation
r t  y  p t  y  0; 3Ž . Ž . Ž . Ž . Ž .Ž .
 see 3, 4, 7, 10, 12 . The discrete version of this statement with some
applications to the linear difference equation
 r  y  p y  0 4Ž . Ž .k k k k1
 can be found in 1 . The aim of this contribution is to present, among
others, the half-linear discrete version of this lemma.
This paper is organized as follows. In the next section we recall some
important concepts and give auxiliary statements. The main results are
presented in Section 3. In particular, this section contains:
 a half-linear discrete extension of the HartmanWintner lemma,
 the necessary and the sufficient condition for the nonoscillation of
Ž .Eq. 2 that is expressed in terms of the existence of a certain solution of
Ž .the generalized Riccati difference equation or inequality which is in a
summation form,
 the condition which guarantees that there does not exist a solution
Ž . Ž .of 2 without generalized zeros in a given finite discrete interval.
ŽThese results enable us to prove new oscillation and conjugacy criteria see
.Sections 4 and 5, respectively . In these sections we also give some
comments and examples.
2. BASIC CONCEPTS AND AUXILIARY STATEMENTS
First we recall some concepts that we will need in the further investiga-
tion.
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DEFINITION 1.
 Ž An interval m, m 1 is said to contain the generalized zero of a
Ž .solution y of 2 , if y  0 and r y y  0.m m m m1
 Ž .  Equation 2 is said to be disconjugate on the discrete interval m, n
provided any solution of this equation has at most one generalized zero on
Ž m, n 1 and the solution y satisfying y  0 has no generalized zeros˜ m˜
Ž  Ž .  on m, n 1 . Otherwise 2 is said to be conjugate on m, n .
 Ž .Equation 2 is said to be nonoscillatory if there exists m	 such
 that this equation is disconjugate on m, n for every nm. In the
Ž . Ž .opposite case 2 is said to be oscillatory. Oscillation of 2 may be
Ž .equivalently defined as follows. A nontrivial solution of 2 is called
oscillatory if it has infinitely many generalized zeros. In view of the fact
Ž .that the Sturm type separation theorem holds for 2 , we have the
Ž .following equivalence: Any solution of 2 is oscillatory if and only if every
Ž .solution of 2 is oscillatory. Hence we can speak about oscillation or
Ž .nonoscillation of Eq. 2 .
The application of the following result is usually referred to as the
Riccati technique.
  Ž .PROPOSITION 1 13, Theorem 1 . Equation 2 is nonoscillatory if and
only if there exist a sequence w and m	 such that
 R w  w  p  S w , r  0 5Ž . Ž .k k k k k
with r  w  0 for k
m, wherek k
rk
S w , r  w 1 ,Ž .k k k 1 1ž /  r  wŽ . Ž .Ž .k k
1 1Ž .   1 being the inerse of , i.e.,  x  x sgn x and  is the
conjugate number of  , i.e., 1 1 1.
Ž . Ž .Recall that Eq. 5 is related to 2 by the substitution w k
Ž . Ž . Ž .r   y  y and that Eq. 5 in the above theorem can be actuallyk k k
   replaced by the inequality R w  0; see 6, Lemma 2 .k
At the end of this section we describe some properties of the function
y
S x , y  x 1 .Ž . 1 1ž /  x  yŽ . Ž .Ž .
Ž .that appears in Eq. 5 , which we will need in the sequel. Note that in the
 proof of the following lemma we partially use the results from 2 .
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Ž .LEMMA 1. Suppose that  1. The function S x, y has the following
properties:
Ž . Ž . Ž .i S x, y is continuously differentiable on D x, y 	,
4xy .
Ž . Ž . Ž .ii Let y 0. Then xS x, y 
 0 for x y 0, where S x, y  0x x
if and only if x 0.
Ž . Ž .iii Let x y 0. Then S x, y 
 0, where the equality holds if andy
only if x 0.
Ž . Ž .iv S x, y 
 0 for x y 0, where the equality holds if and only if
x 0.
Ž . Ž .v Suppose that the sequence x , y , k 1, 2, . . . , is such thatk k
x  y  0 and there exists a constant M 0 such that y M for kk k k
Ž .1, 2, . . . . Then S x , y ,   0 implies x  0. Moreoer, lim inf yk k k k 0 k

 0.
Ž . Ž . Ž . Ž . Ž .vi Let S x, y  x S x, y . Then S x, y  S y, x on D and
Ž .S x, y 
 0 for x y 0, where the equality holds if and only if y 0. Ifx
Ž .y 1, then S x, y  1 for all x y 0.
Ž .Proof. i Obvious.
Ž .ii One can easily compute that
 11 1 1  x  y  yŽ . Ž .Ž . Ž .
S x , y Ž . x 1 1 x  yŽ . Ž .Ž .
Ž .on D. Suppose that y 0 and x
 0. Then clearly S x, y 
 0. If wex
suppose y 0, x
 0, and x y 0, then we have
 11 1 1 1 1
1 1 1 1 1          x  y   y  x  x  0Ž .Ž . Ž .




S x , y   0Ž . y 1 1 x  yŽ . Ž .Ž .
Ž .for x y 0 and hence iii holds.
Ž . Ž .iv For y 0 the statement follows from ii and from the fact that
Ž . Ž .S 0, y  0. One can observe that the function S x, y with arbitrary fixed
y, y 0 and x y 0, is increasing with respect to the first variable for
1     1   Ž 1   .   x 2 y , decreasing for y  x 2 y , and S 2 y , y  2 y 
0. The statement now follows from the continuity of S.
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Ž .   4  v Denote I  k	 , x  0, y  0 , I  k	 , x x y k k x y k
4   40, y  0 , and I  k	, y  0 . Assume, for the contrary, that x k y k k
      4 0. Then there exists x  0 or x  0 such that x 
 x for k  Ik l x yl   4 or x  x for k  I . But, in view of the monotonicity of S andk l x yl
boundedness above of y, we have
S x , y 
 S x , M 
 S x, M ,Ž . Ž .Ž .k k kl l l
S x , y 
 S x , M 
 S x , M .Ž . Ž .Ž .k k kl l l
    Ž . Ž  .From this we see that x  0 x  0 since S x , y   and S x , Mk kl l  Ž  .   0 if and only if x  0 S x , M  0 if and only if x  0 . Hence, such
positive x and negative x do not exist. Concerning the behaviour of xk l
 4 in the case k  I note only that the condition x  y  0 impliesl y k k
x  0 and this is essentially the same situation as above with x 0. Thek
fact that lim inf y 
 0 follows from the inequality x y  0.k k k k
Ž .vi For
xy




S x , y   0Ž . x 1 1 x  yŽ . Ž .Ž .
Ž .for x y 0 and y 0. To prove the inequality S x, y  1 note that
Ž . Ž .S x, y  S x, 1  1 for x 0, y 0, and for other x, y such that
x y 0, the desired inequality clearly holds.
3. HARTMANWINTNER TYPE LEMMA AND
GENERALIZED RICCATI DIFFERENCE EQUATION
 This section contains a half-linear extension of some results from 1 .
They are the half-linear discrete version of the HartmanWintner lemma
Ž .and the conditions guaranteeing the nonoscillation of 2 and the nonexis-
Ž .tence of a solution of Eq. 2 without generalized zeros, respectively. These
results will be used in the next sections to find the sufficient conditions for
Ž .oscillation and conjugacy of Eq. 2 . Some of our statements are new even
in the linear case since we require the sequence r to be only nonzero ink
 contrast to 1 . On the other hand, it is still an open problem to prove the
following results for a more general class of sequences r than those,k
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which are bounded above. Note that even in the linear case we have no
Ž .‘‘full discrete version’’ of the HartmanWintner lemma for Eq. 1 with the
 1Ž .condition H r s ds . At present, the ‘‘corresponding’’ discrete ver-
sion is known only under the restriction lim sup k32Ýk r  . Ink j
fact, this can be slightly extended using the ‘‘weighted averaging’’ tech-
 nique; see 1, 8 . The last remark related to the following theorem
concerns the well-known fact that the results in the discrete case are
mostly more complicated than those in the corresponding continuous case
Ž .this is usually due to the existence of nodes . However, as we will see, this
is not always true. Thanks to the necessary condition for the convergence
Ž .of an infinite series and to the special form of 5 , the following two
Žstatements and their proofs and also some of their applications, e.g.,
Ž . . Ž .condition 20 in oscillation criterion Collary 1 are simpler and stronger ,
 in a certain sense than those for differential equations; cf. 10, 12 . Note
that these statements have no continuous analogue.
THEOREM 1. Assume that
there exists M 0 such that r M for k	. 6Ž .k




lim inf p . 7Ž .Ý j
k j1
Ž .ii For any solution y with r y y  0, k
m for some m	, thek k k1
Ž . Ž .sequence w  r   y  y , k
m, satisfiesk k k k

S w , r  . 8Ž . Ž .Ý j j
jm




lim p exists as a finite number . 9Ž . Ž .Ý j
k j1
Ž . Ž .Proof. i  ii . In view of the nonnegativity of the function S, see
Ž . k Ž .Lemma 1 iv , the sequence Ý S w , r is nondecreasing for k
m.jm j j
Therefore there exists the limit of this sequence that is equal either to
Ž .finite positive number or to infinity. Suppose, for the contrary, that there
Ž .is a nonoscillatory solution of 2 such that
r   yŽ .k k
w  r 10Ž .k k yŽ .k
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and

S w , r  . 11Ž . Ž .Ý j j
jm
Ž .From 5 we have
k k
w  w  p  S w , r , k
m. 12Ž . Ž .Ý Ýk1 m j j j
jm jm
Ž . Ž . Ž .Now, from 7 , 11 , and 12 we obtain lim w . But this contra-k k
Ž . Ž . Ž .dicts 10 since 6 holds. Therefore we must have 8 . Moreover, a
 Ž . Ž .necessary condition for Ý S w , r   is S w , r  0 and this im-jm j j k k
Ž .plies w  0 by Lemma 1 v . The condition r  w  0 now impliesk k k
lim inf r 
 0.k k
Ž . Ž . Ž .ii  iii . Let w be a sequence as in ii . According to the above
Ž .observation, we know that w  0. Now, letting k  in Eq. 12 , wek
Ž .obtain the statement iii .
Ž . Ž .iii  i . Obvious.
The following result is a counterpart to Theorem 1.
Ž . Ž .THEOREM 2. Assume that 6 holds and 2 is nonoscillatory. Then the
following statements are equialent:
Ž .i Let
k
lim inf p . 13Ž .Ý j
k j1
Ž . Ž .ii There exists a solution y of 2 with r y y  0, k
m for somek k k1





lim p . 14Ž .Ý j
k j1
Ž . Ž .Proof. i  ii . This follows from Theorem 1.
Ž . Ž . Ž . Ž .ii  iii . From 5 using r  w  0, k
m, and 6 we getk k
k k
p w  w  S w , rŽ .Ý Ýj k1 m j j
jm jm
k
M w  S w , r .Ž .Ým j j
jm
Ž . Ž .iii  i . Trivial.
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The following theorem gives a necessary condition for nonoscillation of
Ž .2 in terms of the existence of a solution of the generalized Riccati
difference equation in a ‘‘summation’’ form.
Ž . Ž . Ž .THEOREM 3. Let 6 and 7 hold. If 2 is nonoscillatory, then there
exists a sequence w such that r  w  0, k
m for some m	, andk k k
 
w  p  S w , r . 15Ž . Ž .Ý Ýk j j j
jk jk
Ž . Ž .Proof. In view of the assumptions of theorem, 9 holds. From 5 we
get
k k
w  w  p  S w , r , k
m ,Ž .Ý Ýk1 m j j j
jm jm
and letting k  in this equation, we obtain
 
0 w  p  S w , rŽ .Ý Ým j j j
jm jm
Ž .by the proof of Theorem 1. Replacing m by k we obtain 15 .
It is clear that the necessary condition in the above theorem is also
Ž .sufficient for nonoscillation of 2 . One can easily verify it by the applying
Ž .the difference operator to both sides of 15 and taking into account that
r  w  0, k
m. Then the statement follows from Proposition 1.k k
However, the next theorem shows that such a type of condition guarantee-
ing nonoscillation can be somewhat weakened.
Ž . Ž .THEOREM 4. Let 6 and 7 hold. Suppose that r  0 for large k. Ifk
there exists a sequence z such that r  z  0, k
m for some m	, andk k k
a constant C satisfying
k1 
z 
 C p  S z , r 




z  C p  S z , r  0, 17Ž . Ž .Ý Ýk j j j
j1 jk
Ž .then 2 is nonoscillatory.
Ž . Ž .Proof. Suppose that 6 and 7 hold and there exists a constant C such
Ž . Ž .that 16 or 17 holds. Let
k1 
w  C p  S w , r .Ž .Ý Ýk j j j
j1 jk
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Then
w p  S w , r .Ž .k k k k
Ž . Ž .We have z 
 w 
 0 or z  w  0 and hence S z , r 
 S w , r ,k k k k k k k k
Ž .k
m according to Lemma 1 ii . Obviously, r  w  0 andk k
w  p  S w , r  0Ž .k k k k
Ž .for k
m. Now, Eq. 2 is nonoscillatory by the remark behind Proposition
1.
ŽThe following statement gives a condition in terms of the sequences rk
. Ž .and p , which guarantees the nonexistence of the solution of 2 withoutk
Ž .generalized zeros i.e., the existence of a solution without this property in
a given finite discrete interval. We will use this result to find oscillatory
Ž .and conjugacy criteria for 2 ; see Sections 4 and 5, respectively.




 r  r ,Ý j m n
jm
Ž .  then 2 possesses no solution without generalized zeros on the interal m, n .
Ž .Proof. Suppose, for contradiction, that there exists a solution y of 2 ,
 which has no generalized zeros on the interval m, n . Then the sequence
Ž . Ž . Ž . w  r   y  y satisfies Eq. 5 with r  w  0 for k	 m, nk k k k k k
1 . We will show that
n1
p  r  r . 18Ž .Ý j m n
jm
For this purpose, we distinguish two particular cases:
Ž . Ž .a Inequality 18 holds for nm 1.
Ž .From Eq. 5 we get
w rm m
p  w  w  w m m m1 m 11 1 r  wŽ . Ž .Ž .m m
w rm m
 r  ,m1 11 1 r  wŽ . Ž .Ž .m m
since r  w  0. Now, we rewrite the right-hand side of the lastm1 m1
inequality by
11 1w r  r  r  wŽ . Ž .Ž .m m m m m
r  r  .m1 m 11 1 r  wŽ . Ž .Ž .m m
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The numerator of the last fraction is negative if and only if
 y ym m12 2r   r  ,m m ž /ž /y ym m
Ž .but this clearly holds. Hence p  r  r and thus 18 holds form m1 m
nm 1.
Ž . Ž .b Inequality 18 holds for n
m 2.
Ž .Summation of Eq. 5 from m 1 to n 1 yields
n1 n1
p  w  w  S w , rŽ .Ý Ýj m1 n j j
jm1 jm1
 w  w  w  r , 19Ž .m1 n m1 n
Ž . Ž .since Lemma 1 iv holds. From Eq. 2 we immediately have
 y   yŽ .m m1
r   p  r .m m m1ž /y  yŽ .m1 m1
Hence
ym
w  r  1  p  r  p ,m1 m m m mž /ym1
Ž .since r  0 if and only if y y  0. Using this result in 19 we getm m m1
Ž .18 and the theorem is proved.
4. OSCILLATION CRITERIA
Ž . Ž .From Theorems 1 and 2 we have that if 6 holds and Eq. 2 is
nonoscillatory, then the sequence Ýk p either converges or diverges toj1 j
. From this we immediately get the following oscillation criteria. Note
Ž .also that criterion 20 has no continuous analogue.
Ž . Ž .COROLLARY 1 of Theorems 1 and 2 . Let 6 hold. A sufficient
Ž .condition for 2 to be oscillatory is that either
k




lim inf p  lim sup p . 20Ž .Ý Ýj j
k kj1 j1
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Ž .From the above criteria it is seen that if 6 holds then the nonexistence
Ž . Ž Ž ..of the limit in 9 as a finite number except in the case 14 implies
Ž . Ž .oscillation. From this point of view, the cases when 9 or 14 holds seem
to be interesting for the examination. More precisely, we look for addi-
Ž .tional conditions, which guarantee oscillation of 2 in these cases. In the
Ž .  case when 9 holds such conditions already exist, see 13, 14 ; however,
Ž .concerning the case when 14 holds we still have no conditions of such
type. But it really makes sense to look for them since both oscillation and
nonoscillation are possible in this case. For example, if p  a 0 andn
Ž . Ž Ž Ž ..r  1, then Eq. 2 is of course nonoscillatory since    y  0 isk k
. Ž .nonoscillatory and 14 holds. The next criterion enables us to give an
Ž . Ž .example showing oscillatory Eq. 2 with p satisfying 14 .k
Ž .COROLLARY 2 of Theorem 5 . If there exist two sequences of integers mk
and n , n 
m  1, such that m   for k , andk k k k
n 1k
p 
 r  r ,Ý j m nk k
jm k
Ž .then Eq. 2 is oscillatory.
EXAMPLE 1. Let m  4k, k	. Define r  1 and p  1, pk k m m 1k k
 1, p  1, p 4 for k	. Thenm 2 m 3k k
m 2k
p  3 2 r  rÝ j m m 3k k
jm k
Ž .for all k	. Equation 2 is oscillatory by Corollary 2. It is clear that
Ý p .j1 j
 We finish this section with a half-linear extension of 11, Theorem 6.21 .
In its proof we use essentially the same idea as in the proofs of Theorems
1 and 2.





 1, 21Ž .Ý j
k jn
Ž .then 2 is oscillatory.
Ž .In fact, as we will see in the proof, lim in 21 can be replaced by lim sup.
However, according to Corollary 1, it is superfluous.
Ž .Proof. Suppose, for the contrary, that 2 is nonoscillatory. Then there
Ž .exist m	 and a solution of 2 with r y y  0 for k
m. Therefore,k k k1
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Ž . Ž . Ž .we can consider 5 with r  w  0, where w  r   y  y , k
m.k k k k k k
Ž . Ž .Pick n
m such that 21 holds. Summing 5 from n to k we get
k k
w  w  p  S w , r , k








S w , r  .Ž .n n 11 1 r  wŽ . Ž .Ž .n n
 Ž . Ž .If Ý S w , r  , then we get a contradiction from Eq. 22 sincejn1 j j
 Ž .w r 
1, k
m. Thus we can assume Ý S w , r  . Thenk k jn1 j j
Ž . Ž .S w , r  0 and therefore w  0 according to Lemma 1 v . In view ofk k k
the nonnegativity of S we have
k
w 
S w , r  p .Ž . Ýk1 n n j
jn
Ž . Ž .Hence, from 21 and Lemma 1 vi , we have
k
0




We start this section with a conjugacy criterion that uses the idea of
Theorem 1.
THEOREM 7. Suppose that p  0 and Ý p  lim Ýk pk j j k jk j
Ž . Ž .exists as a finite number . Let 6 hold. If

p 
 0, 23Ž .Ý j
j
Ž .then Eq. 2 is conjugate on .
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Ž .Proof. Suppose, for the contrary, that Eq. 2 is not conjugate on .
Ž .Then it is disconjugate and hence there exists a solution y of 2 such that
r y y  0 for all k	 . We can assume that there exists a solution wk k k1
Ž .of the generalized Riccati difference equation 5 with r  w  0, k	 ,k k
Ž . Ž .which is related to 2 by the substitution w  r   y y . Let m, n bek k k k
Ž .integers such that 0m n. The summation of 5 from m to n 1
yields
n1 n1
w  w  p  S w , rŽ .Ý Ýn m j j j
jm jm
Ž .and, similarly, by the summation of 5 from n to m 1, we get
m1 m1
w  w  p  S w , r .Ž .Ý Ým n j j j
jn jn
Letting n  and putting m 0 in both the above equations we obtain
 




w  p  S w , r ,Ž .Ý Ý0 j j j
j j
since w and also w tend to zero as k  by Theorem 1. Now, thek k
addition of the last two equations yields
 
p  S w , r ,Ž .Ý Ýj j j
j j
Ž .which contradicts 23 .
The next statement immediately follows from Theorem 5. Note that the
following two sufficient conditions do not imply each other.
COROLLARY 3. Let m , m 	 be such that m 
m  2. A sufficient1 2 2 1
Ž .  condition for 2 to be conjugate on the interal m , m is that either1 2
m2
p 




 r  r , i 1, 2.m m m 1i i i
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Ž .The last criterion gives a sufficient condition for conjugacy of 2 with
r  1, i.e., of the equationk
  y  p  y  0 24Ž . Ž . Ž .k k k1
 .in a half-bounded interval n, . This criterion is a half-linear extension of
   5, Theorem 2 that is, in fact, a discretization of 15, Theorem 6 . Note
that the only proof of this criterion in this paper does not use the Riccati
technique.
THEOREM 8. Suppose that p 
 0 for k	. A sufficient condition fork
Ž .  .conjugacy of 24 in an interal n, , n	, is that there exist integers l,
m with n lm such that
m1
 p .Ý k1l nŽ . kl
Ž .Proof. We will show that the solution x of 24 given by the initial
Ž .condition x  0, x  1 has a generalized zero in n, . Assume itn n1
Ž .does not. Then without loss of generality we can assume x  0 in n,k
 . Ž .and  x 
 0 in n, , since if  x  0 at some point in n, , we wouldk k
Ž . Žhave a generalized zero in n, by the condition p 
 0 which impliesk
2 . Ž . x  0 . From 24 we obtaink
m
1 1 1
 x   x  x p .Ž . Ž . Ž .Ým1 l k1 k
kl
Since p 
 0, using the discrete version of the Lagrange mean valuek
theorem we have
x x  xl l n 
  x 
  xk ll n l n
  Ž .1 Ž .1Ž .1with some k	 n 1, l 1 . Thus x 
 l n  x . Hencel l
m m
1 1 1 1
 x  x p   x  x pŽ . Ž . Ž . Ž .Ý Ýl k1 k l l k
kl kl
m
1 1 1  x  l n  x pŽ . Ž . Ž . Ýl l k
kl
m
1 1  x 1 l n p .Ž . Ž . Ýl k
kl
By hypothesis, the factor in brackets is negative. If  x  0, then  xl m1
Ž . 0, implying a generalized zero in m 1, . If  x  0, then  x  0l m
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m Ž .1since Ý x p  0 by the assumption. In either case, x has ak l k1 k
Ž . Ž .  .generalized zero in m 1, and so 24 is conjugate in n, .
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